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We use the worldline path-integral approach to the Bern-Kosower formalism for
developing a new algorithm for calculation of the sum of diagrams with one spinor
loop and xed numbers of external and internal photons. The method is based
on worldline supersymmetry, and on the construction of multiloop worldline Green





In 1992, Bern and Kosower [1] used string theory to derive a new for-
malism for the calculation of one-loop amplitudes in ordinary quantum eld
theory which is equivalent to Feynman diagrams [2], but leads to a sig-
nicant reduction of the number of terms to be calculated in gauge theory
calculations. This property was then successfully exploited to obtain both
ve-point gluon [3] and four-point graviton amplitudes [4].
Following this, Strassler [5] showed that, at least for scalar and spinor
loops, the resulting integral representations can be derived in a more ele-
mentary way. In this approach, one writes the one-loop eective action as a
(super)particle path-integral, and evaluates this path-integral in analogy to
the Polyakov path integral, i.e. using worldline Green functions appropriate
to a one-dimensional eld theory on the circle. This reformulation turned out
to be useful for various calculations of one-loop eective actions [6, 7, 8], and
yielded, in particular, a new method for the calculation of the inverse mass
expansion which is nonrecursive, manifestly gauge invariant, and suitable to
computerization [9].
Progress has been made along dierent lines to generalize the Bern-
Kosower formalism beyond one loop, using methods either based on the cal-
culation of higher genus string amplitudes [10], on the use of worldline path
integrals for internal propagators [11], or on a stringlike reorganization of
standard Feynman parameter integrals [12]. A Hamiltonian approach has
also been considered [13].
Recently [14], we have proposed a multiloop generalization of Strassler's
approach, based on the concept of worldline Green functions for multiloop
diagrams. Those Green functions have been explicitly constructed for the
general two-loop graph, and for a loop with an arbitrary number of propaga-
tor insertions. If used with global proper{time variables, this allows to derive
integral representations combining whole classes of Feynman diagrams into
compact expressions.
While knowledge of the worldline Green functions is, in principle, su-
cient to treat arbitrary scalar diagrams, more work has to be done to obtain
the nal integral representations for multiloop amplitudes in general quan-
tum eld theories.
In the present paper, we take up the study of quantum electrodynamics,
and consider a class of amplitudes which is the simplest one for our purpose,
namely the N{photon amplitude with a single spinor loop.
First let us shortly review how one-loop calculations are done in this
formalism [5, 7, 14]. For calculation of the one-loop eective action induced
by a massive spinor-loop in a background gauge eld, one would start with
















































( )'s are the periodic functions from the circle with circum-
ference T into D { dimensional Euclidean spacetime, and the  

( )'s their
antiperiodic supersymmetric partners. In the nonabelian case { which we
will not consider in this paper { path ordering would be implied.
For calculation of the eective action, one rst splits the coordinate path





















( ) = 0 :
(2)
One then Taylor-expands the external eld at x
0
, and evaluates the path
integrals over y and  by Wick contractions, as in a one-dimensional eld
theory on the circle. The Green functions to be used are those adapted to


































































































The result of this evaluation is the one-loop eective Lagrangian L(x
0
).
One-loop scattering amplitudes are obtained by specializing to a back-
ground consisting of a nite number of plane waves, which amounts to the
















] exp[ikx( )] (5)
for external photons of denite momentum and polarization, and calculating
multiple insertions of those vertex operators into the free path integral.
Using the worldline supereld formalism of [22, 18], this calculus may be

















































d = 1 :
(7)





































From this supereld formalism, it is not dicult to derive the following im-
portant \substitution rule" [1, 5, 6]:
Evaluation of the bosonic path integral in general leads to an expression















, multiplied by a









































's can always be eliminated by partial integrations on the world-
line, and once this has been done, all contributions from fermionic Wick



























































































(note that the result would vanish if supersymmetry was not broken by the
boundary conditions).
This substitution rule eectively saves all the work which would, in an
ordinary Feynman diagram calculation, be in the calculation of Dirac traces.
In our treatment of the two-loop scalar diagram [14], the starting point











































































the exponent considered as part of the worldline lagrangian for the loop path
integral, and absorbed into the bosonic worldline Green function. This results



















































valid for Wick contractions of operators inserted into the loop path integral.
The procedure generalizes to the case of m propagator insertions, and
























































































































are the proper-time variables for the inserted propagators).
For scalar electrodynamics, it is obvious what should replace the propaga-
































which may also be interpreted as a Wilson loop expectation value. It is well-
known, however (see e.g. [18, 20, 21]), that the rst-order correction to a
scalar Wilson loop (due to exchange of one internal photon) may be written







































For scalar electrodynamics, we will therefore insert one copy of this ex-
pression into the path integral eq.( 18) for every internal photon. The de-
nominators will be written in the proper-time representation eq.( 14), and
absorbed into the bosonic worldline Green function as in the scalar case; the
numerators will remain, and participate in the Wick contractions.
As in the one-loop case, the transition to spinor electrodynamics may























































































































































The simplest way to verify the correctness of this naive supersymmetrization
is to write the one-loop two-photon amplitude in the superformalism, and
then sewing together the external legs to create an internal photon, using
Feynman gauge.
The denominator of eq.( 20) being bosonic, we can again use the proper-
time representation eq.( 14) to get it into the exponent, and then absorb
it into the worldline superpropagator. The algebra is completely identical




which are given by the same formulas as in eqs.( 15) and ( 16), with all the
one-loop Green functions appearing on the right-hand sides replaced by the
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, which gives the ratio of the free Gaussian
path-integral with m propagator insertions compared to the free one-loop
path integral [14].
To summarize, we can obtain a parameter integral representation for the
sum of all diagrams with one spinor loop and xed numbers of photons, N ex-



























As an illustration, we will use this calculus for a rederivation of the two-
loop QED -function [23], working in the component formalism for trans-
parency.
As usual, matters much simplify if one is only interested in the -function
contribution, as opposed to calculation of the whole amplitude. The simplest
thing for us to do is to use the eective action formalism with a constant
background eld F







As a warm-up, let us rst redo the one-loop calculation [5, 7].
For constant F











A { eld in the one-loop path-integral eq.( 1), and expanding the interaction
exponential to second order, one obtains
 
(1)

































































































































The double parameter integral (which is really only a single one, as transla-






































To extract the divergent part of the remaining empty proper-time integral,



















with  = D   4, or  the Pauli-Villars regulator. Putting things together,


















































Now let us describe the two-loop calculation. In the Feynman diagram
calculation (see e.g. [24]), one would have to calculate the three diagrams




{ poles. In principle there would be counterdiagrams, but
they cancel due to the Ward identity.
Figure 1: Diagrams contributing to the two-loop vacuum polarization
In the present formalism, the three diagrams get combined into one calcu-
lation, which has the useful consequence that we will not need a regulator,
except for the overall divergence.
Let us begin with the purely bosonic contributions, which are obtained
by inserting into the one-loop path-integral the worldline current-current
interaction term eq.( 19) (with  = 1). After exponentiation and absorption



















































































































has now to be done, using the two-loop Green function eq.( 15) (care must




, as the derivative should not




explicitly appearing in that Green function).
Due to the symmetry of the problem, there are only two nonequivalent
contraction possibilities. The result is written out in terms of the bosonic
one-loop Green function and its derivatives. As in the one-loop calculation,














As the next step, all fermionic contributions are included by using the










































The integrations must then be carried out. At this stage, what we have is
the desired contribution to the two-loop eective action in form of a sixfold
integral (see g. 2),
 
(2)





























































where the function P (whose bosonic part is given in appendix A) is a poly-




















Figure 2: Denition of the six integration parameters




are polynomial, and can be per-






















































































































is the n-th Bernoulli-polynomial, and E
n
the n-th Euler-polynomial.



















with another set of polynomials P
n
(x) (the same property holds true for
E
n









, so that explicit u
i
's will never appear in those relations (those integrals
needed for the present calculation are listed in appendix B).
As it turns out, one next should perform the

T { integration. This one






















The result of those three integrations is a number of terms which are either
constant, proportional to G
Bab
 1
, or to G
Bab
 2





. However, those potentially divergent terms cancel out




























) =  8 : (36)




{ integrals are empty, and






















































The following points should be noted about this calculation:
i) Neither momentum integrals nor Dirac traces had to be calculated.
ii) All integrations have been polynomial.
iii) The three diagrams of g. 1 have been combined into one calculation
(in fact, in this formalism it is somewhat easier to compute the sum than
any single one of them).
iv) As a consequence, there was no need to introduce a regulator, except
for the nal global proper-time integration, which was trivial.
v) The calculation has been completely systematic and could have, in
principle, been done by computer.
We expect property iii) to become increasingly important at higher or-
ders. Property iv) is a consequence of the well-known fact that there is no
subdivergence for the sum of the three diagrams, which is known to gen-
eralize to the sum of all diagrams with two external and any xed number
of internal photons [25]. While we have not yet nished the corresponding
three-loop calculation, it is already apparent that the increase in diculty
with respect to the two-loop case is signicantly smaller than is the case for
the Feynman diagram calculations [25, 26]. One might therefore hope that
the formalism developed in this paper will allow one to go beyond the four
orders in perturbation theory presently accessible to standard methods in
the calculation of this  { function coecient [26].
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Appendix A











appearing in eq. (31). The full P is obtained from this by application of the
substitution rule eq.( 11). In writing this polynomial, we have used symmetry




to combine some terms, and omitted
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